Introduction
The introduction of fibre reinforced polymer (FRP) reinforcement into the civil engineering industry can be traced back to the 1980s [1] [2] [3] . Since then, FRP shear strengthening of concrete structural elements, mainly in the form of externally bonded (EB) sheets or near surface mounted (NSM) bars, has grown dramatically [1] [2] 4] . However, the shear strength enhancement that can be provided by these systems is negatively affected by premature debonding at a stress level of 20 to 30% of the FRP tensile strength [5] [6] [7] , especially in the cases of beams with (T) or (I) cross-sections [3] . Hence, unless proper anchorage is provided, it is not usually possible to fully utilise the high tensile strength of the FRP composites [2] .
Valerio and Ibell [8] developed the deep embedment (DE) technique, also called the embedded through-section (ETS) method [4, [9] [10] [11] , which overcomes the shortcomings of the EB and NSM strengthening techniques. In this method, vertical or inclined holes are drilled from the soffit of existing reinforced concrete (RC) structures in the desired shear span. High viscosity epoxy resin is then injected into the drilled holes and FRP or steel bars are inserted into the epoxy-injected holes. The use of FRP bars is favoured as it eliminates the possibility of corrosion of the shear strengthening system [12] . Compared to the EB and NSM techniques, embedding the FRP bars into the concrete core provides higher strengthening effectiveness because the DE method relies on the concrete core to transfer stresses between the concrete and FRP bars. The concrete core provides better confinement and consequently better bond characteristics to overcome the debonding failure usually associated with the other FRP strengthening methods. Other advantages of the DE method over the EB and NSM strengthening methods include higher protection against fire and vandalism; access to the top slab and time-consuming surface preparation are not required and less epoxy consumption [9] .
Limited studies have been carried out on the use of DE FRP bars for concrete shear strengthening. Valerio and Ibell [8] studied the effect of diameter, spacing and orientation of DE aramid FRP (AFRP) bars. Their findings confirmed the validity of the DE technique as three of the strengthened beams failed in flexure. Mofidi et al. [9] investigated the effect of presence of steel stirrups as well as surface coating, spacing and diameter of DE carbon FRP (CFRP) bars on the shear strength enhancement. The results showed that plain CFRP bars provided higher strength enhancement than sand-coated CFRP bars. The shear force gain due to the DE CFRP bars increased with the increase in CFRR bar diameter but decreased with the presence of stirrups and the increase in CFRP bar spacing. Qin et al. [11] examined the effectiveness of CFRP bars as DE shear reinforcement for RC T-girders with uncorroded or corroded steel stirrups. The strengthened girders had higher shear strengths than the corresponding unstrengthened ones. However, the efficacy of the strengthening system decreased with increasing the level of stirrup corrosion.
The above review shows that some of the parameters influencing the behaviour of RC beams shear-strengthened with the DE technique, e.g. concrete strength, shear span-toeffective depth (a/d) ratio and effective beam depth, have not been studied. This may be partially attributable to the relatively high cost associated with carrying out physical tests.
The use of a carefully developed finite element (FE) model can provide a viable solution to carry out an extensive parametric study on DE FRP shear-strengthened RC girders. In this study, a three-dimensional nonlinear FE model, capable of predicting the overall behaviour of shear-strengthened RC girders with DE FRP bars, is presented. The predictions of the FE model were verified against experimentally tested RC beams [8] [9] 11 ]. The FE model was then used to examine numerically the influence of FRP bar orientation, concrete compressive strength, a/d ratio, effective beam depth and interaction between the DE FRP bars and steel stirrups on the predicted shear strength. Furthermore, this paper evaluates the accuracy of the Concrete Society TR55 [13] design guidance.
Research significance
The lifetime extension of existing concrete infrastructure is an application of considerable economic importance. It has been estimated that the cost of replacing structurally deficient bridges in Europe, a significant amount of which are RC bridges, is about €400 billion [14] . In the United States, one in nine of the 607,380 bridges have been rated as structurally deficient and $20.5 billion would need to be invested annually to eliminate the bridge deficient backlog by 2028 [15] . This study provides valuable insight into the performance of the DE method, a promising technique for concrete shear-strengthening. In addition to establishing the influence of the main parameters governing the strengthened behaviour; this study identifies limitations in current shear strengthening design guidelines and presents an accurate FE model for predicting both the strength and behaviour of DE shear-strengthened RC structures.
Finite element model
A three-dimensional nonlinear FE model was developed using DIANA [16] . Several constitutive models (from the published literature) and element types were tested. Based on the obtained results, the most appropriate ones were selected to develop the FE model. The modelling procedures used in this research are briefly illustrated in the following subsections.
For further details about the material models and element types, please see the FE package user's manual [16] .
Geometric modelling

Concrete and steel plates
Three-dimensional eight-node isoparametric solid brick elements [16] were employed for the concrete (see Fig. 1 ), whereas the loading and support steel plates were represented using three-dimensional six-node isoparametric solid wedge elements [16] . Each node of these elements has three translational degrees of freedom. Several mesh densities were investigated for the concrete and the average mesh size of 30 mm (3d a , where d a represents the maximum aggregate size of the concrete mix) in each direction was selected. This mesh size, i.e. 3d a , has also been recommended by Bažant and Oh [17] . Furthermore, the selected mesh size maintains a balance between accuracy and computational time. 
Steel reinforcement (longitudinal bars and stirrups)
Embedded bar (truss-like) elements [16] were employed to represent the longitudinal reinforcement and shear stirrups. This reinforcement element does not have independent degrees of freedom, and its strains are computed from the displacement field of the concrete elements surrounding it. Recent studies [18, 19] demonstrated that, when the failure mode is not controlled by the bond between the steel reinforcement and the concrete, the behaviour of FRP-strengthened concrete structures could be successfully predicted using the perfect bond assumption. In this study, perfect bond was assumed between the internal steel reinforcement and the surrounding concrete as bond failure had not been observed during the experimental tests [8, 9, 11] , which are presented in Section 4.1.
FRP bars
The FRP bars were represented using three-dimensional two-node truss elements [16] .
These elements are only deformable in the axial direction, whilst bending and shear deformations are not allowed.
FRP bar-to-concrete interface
For modelling the bond area (i.e. interface region) between the FRP bars and the surrounding concrete, four-node three-dimensional interface elements [16] were employed.
These elements linked the edges of the solid elements, which represented the concrete, to the truss elements which were used to model the DE FRP bars. The four-node threedimensional interface elements permitted the relative displacements, i.e. the slip, between the concrete and the DE FRP bars to be modelled.
Material modelling
Concrete
A total strain rotating crack model (a smeared crack based model) was employed for simulating the concrete. In the adopted rotating crack model, the concrete behaviour in tension and compression is described with one stress-strain curve [16] . The stress-strain curve of Thorenfeldt et al. [20] was used in compression, which is given by: 
Steel reinforcement, steel plates and FRP bars
An elastic-perfectly plastic stress-strain model was adopted for the internal steel reinforcement, as well as the steel plates (i.e. loading and support plates). For the FRP bars, a linear-brittle stress-strain model, based on the ultimate strength values reported in the experimental tests [8, 9, 11] , was used.
FRP bar-to-concrete interface
The two-part bond-slip model of Mofidi et al. [9] was adopted to represent the behaviour of the interface behaviour between the FRP bars and concrete. The bond-slip model is used to represent the overall FRP bar-to-concrete interface behaviour rather than that of the adhesive material. The ascending branch of this model is defined by a parabolic bond stress-slip relationship, up to the bond strength ( ), and given by:
The descending branch is described by the following linear relationship:
where is the bond stress at a specific slip , is the slip value at , is a curve-fitting parameter and is a parameter controlling the descending part of the bond-slip relationship.
For sand-coated CFRP bars, , , and may be taken as 8.4 MPa, 0.08 mm, 0.09 and 0.07, respectively [9] .
It should be noted that the beams tested by Valerio and Ibell [8] were strengthened with DE AFRP bars (see Section 1). Due to the lack of a bespoke bond stress-slip model for the DE AFRP bars, the above bond stress-slip model was adopted for these beams as perfect bond between the AFRP bars and the concrete was deemed inappropriate. It is believed that the use of the above bond-slip model had insignificant implications on the modelled behaviour
as none of the beams tested by Valerio and Ibell [8] failed due to debonding of the AFRP bars.
Solution algorithm
An appropriate incremental-iterative procedure was adopted to solve the nonlinear equations. The vertical loads were applied as displacement increments and, for each increment, the Quasi-Newton iterative method (also known as the Secant method) was employed alongside a displacement-based convergence criterion. The displacement norm value of 0.1% was chosen based on the work of Hee and Jefferson [24] . Convergence was successfully achieved at the end of each load step using this procedure. A similar solution algorithm was successfully used by Qapo et al. [19] .
Model validation
Three sets of experimentally tested RC beams were used for model validation. All considered beams failed in shear. Table 1 shows the material properties of the RC beams. 1 The cylinder compressive strength of S1-12d260s was 29.6 MPa. 2 The cylinder compressive strength of Specimen 1 was 41 MPa.
Details of test specimens
The first set comprised the four RC T-beams S0-CON, S1-CON, S0-12d130s and S1-12d260s [9] . S0-CON and S1-CON were unstrengthened control beams whereas S0-12d130s and S1-12d260s were strengthened in shear using DE CFRP bars. The beams, which had a/d ratio of 3.0, were 4520 mm long and tested in three-point-bending as illustrated in Fig. 2 . The beams had overall depth, flange width, web width and flange thickness of 406 mm, 508 mm, 152 mm and 102 mm respectively. Each beam was reinforced in tension with four Ø25 mm steel bars, whilst six Ø10 mm steel bars were used as compression reinforcement (see Fig. 3 ). S0-CON had no internal steel shear reinforcement, while S1-CON had Ø8 mm steel shear links spaced at 175 mm centre-tocentre (c/c). S0-12d130s had no shear links and was strengthened in shear using Ø12. The second set included the two RC T-beams N00 and R00 [11] . The beams were 2700 mm long (with a total span of 2200 mm) and were tested in three-point-bending with a/d ratio of 3.05. The web width, flange width and flange thickness were 125 mm, 260 mm and 100 mm, respectively. The beams had an effective depth of 295 mm. The longitudinal bars comprised three Ø20 mm in compression and four Ø25 mm in tension. Both beams had Ø8 mm steel shear links spaced at 275 mm c/c in the deficient shear span and 100 mm c/c elsewhere.
N00 was an unstrengthened control beam whereas R00 was strengthened with Ø10 mm sand-coated CFRP bars with a centre to centre spacing of 275 mm.
The third set included Specimens 1, 8, 9 and 10 tested by Valerio and Ibell [8] . Specimen 1 was an unstrengthened control beam. Specimens 8, 9 and 10 had two Ø10 mm, two Ø7.5 mm and one Ø10 mm sand-coated AFRP bars in each shear span respectively. The beams, which had a/d ratio of 3.17, were 3000 mm long (with a total span of 2250 mm) and were tested in a four-point-bending configuration. They had a rectangular cross-section with a width, effective depth and total depth of 110 mm, 189 mm and 220 mm respectively. In this series, each beam was reinforced in tension with two Ø12 mm high yield steel bars. The beams had no steel compression or shear reinforcement. 
Finite element model predictions
The accuracy of the FE model was evaluated by comparing the experimental results with the FE predictions. The comparison included the shear force capacity, deflection response, strain in stirrups and FRP bars and crack patterns at failure.
The experimental and FE-predicted shear strengths are given in Table 2 . The overall mean predicted/experimental shear force capacity ratio and standard deviation are respectively 1.02 and 0.05. The best predictions were obtained for the first set of beams [9] which had a mean predicted/experimental shear force capacity ratio of 1.00 and a standard deviation of 0.02. Only the first set included RC beams with different shear links ratios (0 and 0.38%).
Furthermore, the first set included beams with a T cross-section which adequately simulates the common slab-on-beam construction method. Thus, the first set of beams form the basis of the parametric study reported in Section 6. comparable to the predicted principal tensile strain contours at failure of S1-12d260s, which are shown in Fig. 7 .
Fig. 7. Predicted principal tensile strain contours for S1-12d260s at failure
For the beams tested by Qin et al. [11] , the experimental and FE-predicted shear force versus deflection under loading point curves are shown in Fig. 8 . The stiffer behaviour predicted for R00 can be attributed to the FRP-to-concrete bond-slip model [25] [26] .
(a) (b) Fig. 8 . Experimental [11] and predicted shear force-deflection curves: (a) N00 and (b) R00 R00. This behaviour was accurately predicted by the developed FE model as can be seen in Fig. 9 which compares the experimental and FE-predicted failure modes for R00. Fig. 10 shows that the FE model correctly predicted the shear force-strain variation for the middle steel stirrup in R00. The strain results for the DE FRP bars in R00 were not published. over which the FRP bars may act and given by:
where ℎ is the strengthened depth (mm) and b,max is the maximum anchorage length (mm) beyond which no additional capacity gain can be achieved, given by:
where b is the FRP bar diameter (mm), b represents the average bond stress (MPa) over the anchored length and can be taken as 15 MPa in the absence of test data and A is a partial safety factor for the adhesive material.
A comparison of the experimental results with FE and TR55 predictions for is presented in this section. All safety factors are set equal to 1.00 for the purpose of comparison. The experimental and numerical (FE) values of were calculated by subtracting the shear strength of an unstrengthened beam from the shear strength of the corresponding strengthened beam. Differences in the concrete strength between the control and strengthened beams (see Table 1 ) were taken into consideration when calculating the experimental and numerical (FE) values of . Given the importance of TR55 [13] as the only standard document that provides detailed design guidance for DE FRP shear reinforcement, improving the accuracy of its predictions is urgently needed. 1 Calculated taking into consideration differences in concrete strength between the control and strengthened beams (see Table 1 ). 2 Mean (V f,FE / V f,exp ) value is 1.08 with a standard deviation of 0.25. 3 Mean (V f,TR55 / V f,exp ) value is 1.57 with a standard deviation of 0.54.
Parametric study
Based on the demonstrated accuracy of the developed FE model, a numerical parametric study was executed to study the effect of DE FRP bar inclination angle, concrete compressive strength, a/d ratio, effective beam depth and interaction between steel stirrups and DE FRP bars on the predicted shear strength. As explained in Section 4.2, the parametric study was based on beams tested by Mofidi et al. [9] . Where appropriate, FE and TR55 [13] predictions are compared and similarities and differences are highlighted.
Of note is that the FE predictions reflect the performance of the developed model. Further experimental tests are required to confirm the FE predictions.
DE FRP bar orientation
The effect of DE FRP bar orientation was investigated by modelling beams nominally identical to S0-12d130s and S1-12d260s. For each modelled beam, the DE FRP bars were inclined at either 45° or 90° to the longitudinal beam axis. Table 4 
Concrete cylinder compressive strength
The effect of concrete compressive strength was studied by modelling beams nominally identical to S0-CON, S0-12d130s, S1-CON and S1-12d260s. respectively. Some of the FE models for S1-CON and S1-12d260s failed in flexure and their predictions were discarded. All the remaining predictions presented in Fig. 13 are for FE models that failed in shear. As demonstrated in Fig. 13b , TR55 design model [13] does not consider the influence of concrete compressive strength on the shear strength enhancement provided by DE FRP bars.
Shear span-to-effective depth ratio
The a/d ratio has a substantial effect on the shear behaviour of RC beams as the change in a/d ratio results in a change in the shear resisting system. RC beams with an a/d ratio less than 2.5 (i.e. deep beams) behave as a tied arch after crack formation. The tied arch system results in direct transfer of the shear force into the support. In contrast, RC beams with a/d ratio higher than 2.5 (i.e. slender beam) resist shear by beam action [27] .
Sayed et al. [28] and Qapo et al. [19] recently Kani et al. [27] , Sayed et al. [28] and Qapo et al. [19] . This finding might be attributable to the switch in the shear resisting mechanism from arch-action to beam-action. The maximum reduction was about 28.3% for S1-12d260s series. 
Effective beam depth
Previous studies on concrete beams [29, 30] have shown that the nominal shear stress at failure tends to decrease with increasing beam depth. This is attributable to wider cracks in larger sections [6] . Moreover, studies on concrete beams shear-strengthened with EB FRP laminates have revealed that the increase in beam depth can have a detrimental influence on the shear contribution of the FRP reinforcement [19, 31] . The influence of effective beam depth has not been studied in beams shear-strengthened using DE FRP bars.
In this study, FE models with effective depths of 350 mm (i.e. 1.0d), 525 mm (i.e. 1.5d) and 700 mm (i.e. 2.0d) were developed for S0-CON, S0-12d130s, S1-CON and S1-12d260s in order to study the influence of effective beam depth. The flange dimensions were also changed proportionally with the change in beam depth, whereas other parameters (e.g. a/d ratio, longitudinal steel ratio, stirrup ratio, DE FRP bar ratio and mesh size) were kept constant.
The influence of effective beam depth on the predicted ultimate shear stress is depicted in Fig. 15a . The Figure shows that the predicted shear stress at failure decreases with increasing effective beam depth. The predicted shear stress at failure decreased respectively by 19.1%, 20.7%, 25.2% and 20.5% for S0-CON, S0-12d130s, S1-CON and S1-12d260s when the effective depth of the beams was doubled. This result is consistent with the findings of previous studies [19, [29] [30] [31] and may be explained by the wider cracks in larger members. predictions. This Figure shows that both the FE and TR55 [13] models predict that the shear strength enhancement increases with increasing beam depth. This may be explained by the increase in effective bond length in large beams [32] . It can also be observed from Fig. 15c that in the case of strengthened beams with steel stirrups (i.e. S1-12d260s series), TR55 model [13] predicted much higher shear strength enhancement levels than the FE model.
According to the FE results, the shear force gain increased from 96.4 kN and 28.0 kN to 302.2 kN and 75.3 kN for series S0-12d130s and S1-12d260s, respectively, when the effective depth of the beams was doubled. The corresponding increases predicted by TR55 model [13] were from 89.8 kN and 44.7 kN to 357.7 kN and 178.8 kN, respectively. The values predicted by TR55 [13] , especially for S1-12d260s series, seem unrealistically high.
As explained in Section 5, the high value of average bond stress allowed by TR55 [13] 
Interaction between steel stirrups and DE FRP bars
For the case of RC beams shear-strengthened with EB FRP sheets [33, 34] , the presence of steel stirrups is one of the substantial parameters influencing the shear contribution of FRP composites. The influence of the steel stirrup-to-DE FRP bar ratio was examined by modelling FE beams similar to S1-12d260s but with different steel stirrup-to-DE FRP bar ratios. The FE results are presented in Fig. 16 
Acknowledgements
The financial support of the Engineering and Physical Sciences Research Council (EPSRC)
through Grant EP/L010364/1 is gratefully acknowledged. The first author acknowledges the financial support of KRG. Additional data related to this publication is available at http://rab.bham.ac.uk/pubs.asp?id=6a980414-5a03-490a-b7b4-4fab77dd3cf5 or may be accessed via http://findit.bham.ac.uk.
